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GENERALIZED HOMOTOPY THEORY IN CATEGORIES WITH 

A NATURAL CONE 

FRANCISCO J. DIAZ AND JOSE M. G. CALCINES 



Abstract. In proper homotopy theory, the original concept of point used 
in the classical homotopy theory of topological spaces is generalized in or- 
der to obtain homotopy groups that study the infinite of the spaces. This 
idea: "Using any arbitrary object as base point" and even "any morphism 
as zero morphism" can be developed in most of the algebraic homotopy theo- 
Cn ' ries. In particular, categories with a natural cone have a generalized homotopy 

theory obtained through the relative homotopy relation. Generalized homo- 
topy groups and exact sequences of them are built so that respective classical 
pointed ones are a particular case of these. 



1. Introduction 



The main problem to build a homotopy theory based on the concept of cone 

object is to define the homotopy relation between morphisms through the notion of 

nuUhomotopic morphism. In additive categories this problem can be solved using 

^^ , the addition of morphisms in the category, and generalizing the injective homotopy 

C^ ' theory defined by Eckmann and Hilton (Hi] for i?- modules. Algebraic theories in 

'^ , this sense were created by H. Kleisli |Klj and J. A. Seebach pj. Also, S. Rodriguez- 

Machin gives an algebraic homotopy theory based on a cone functor in additive 
Cn . categories, without using injective objects, that contains the injective homotopy 

>— ^ ' theories mentioned above as particular cases [P-j . A generalization to arbitrary 

categories has been given by S. Rodriguez-Machin and the first author of this paper 
in [D-| : Identifying the notion of dual standard construction given by P. J. Huber 
[Hu] with the concept of cone, and adapting the axioms given by H. J. Baues about 
cofibrations in Categories with a Natural Cylinder [B] to a cone object obtained 
%^ , by collapsing the base of the cylinder to a single point. The algebraic homotopy 

^.' theory in this way defined attains that classical homotopy theory of the topological 

spaces and pointed topological spaces can be developed using their respective cones. 
Also the proper homotopy theory of the topological spaces can be developed in this 
sense, through a cone functor. 

Finally, in categories with a natural cylinder in the sense of Baues, the cone 

functor obtained by collapsing, using pushout diagrams, the base of the cylinder 

functor to a single point gives the same homotopy theory that the cylinder functor. 

In order to study the infinite of topological spaces, the proper homotopy theory 

defines several homotopy groups using different spaces as base point. So, the Brown 



2000 Mathematics Subject Classification. 55U35, 18C, 55P05. 

Key words and phrases. Category, algebraic homotopy theory, cone construction, generalized 
homotopy. 

This work has been supported by the Ministerio de Educacion y Ciencia grant MTM2009-12081 
and FEDER. 



FRANCISCO J. DIAZ AND JOSE M. G. CALCINES 



homotopy groups |Brj can be defined using a sequence of points a base point, and 
the Steenrod fiomotopy groups [C] use spaces based on a base ray. H.J. Baues uses 
trees as base point of the spaces to create a proper homotopy theory [?] [B3j . These 
facts suggest a more general concept of base point in homotopy theory. Moreover, in 
many theories homotopy groups and exact sequences of them can be defined using 
arbitrary objects and morphisms as base point and zero morphism, respectively. 
These homotopy theories are called generalized. 

A generalized homotopy theory can be defined in categories with a natural cone 
using relative homotopy: Generalized homotopy groups are homotopy groups rel- 
ative to a cofibration based on a morphism. Also, generalized exact homotopy 
sequences of these groups are given. In this way, when the category is pointed, the 
classical homotopy theory is a generalized homotopy theory based on a point. 

Finally, fixed an object as base point in a category with a natural cone, a gener- 
alization of the process used to obtain spheres beginning with a point in topological 
spaces allows one to define spheres beginning with the fixed object. 

We point out that the main results of this paper were already announced in 

(ED. 

2. Notation and preliminaries 

The following categorical notation will be useful in the interpretation of this 
paper. 

Given functors B — s> C -^ D — ;■ E and a transformation t : F ^ G, then the 
transformations t * E : FE — > GE and H *t : HE — >• HG will be denoted by Ie 
and iJi, respectively. When there is not a possibility of confusion, the morphism 
tx '■ EX -> GX will be simply denoted by t, for every object X. 

The pushout object of two morphisms / and g will be denoted by P{/, .g}. The 
induced morphisms will be denoted by / : codom g -^ P{f,g} and g : codom f -^ 
P{f, g}. Given a morphism /, if the notation / has been used, / will denote other 
induced morphism by / in a pushout. In particular, if / = g then / and / will 
denote the morphisms / and g, respectively. 

Given morphisms r and s verifying rf = sg, the unique morphism h such that 
hg = r and hf = s will be denoted by {r, s}. If codom f (resp. codom g) 
is a pushout object, the component r (resp. s) has an expression like {ri,r2} 
(resp. {si,S2}). Frequently, in this case, the morphism {r,s} — {{?'i,r2},s} (resp. 
{r, {si,S2}}) will be denoted by {ri,r2,s} (resp. {r, si,S2})- In this way, expres- 
sions of the type {/ig, hi, ..., /i„} can appear. 

Given two pushout objects P{f,g} and P{f',g'}, and three morphisms r : 
codom f -^ codom f',s: codom g -^ codom g' and t : dom f = dom g — > 
dom f = dom g' verifying rf — ft and .sg = g't, we will denote the unique 
morphism {g'r, f's} by r U s. If there is not possibility of confusion, expressions of 
the type /iq U /ii U ... U ft-„ will be used. 

Finally, the set of extensions of a morphism u : B ^i- X relative to other mor- 
phism i:B^A\s defined by Hom{A, X)"(*) ^ {f : A ^ X / fi ^ u} 

Next we recall some concepts given in [D- relative to a category with a natural 
cone. 

Definition 2.1. A category with a natural cone, or G-category, is a category C 
together with a class "cof" of morphisms in C, called cofibrations and denoted 
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by ^^, a functor C : C — > C which will be called the cone functor, and natural 
transformations k : 1 — ;■ C and p : CC -> C , denominated inclusion and projection 
respectively, satisfying the following axioms: 

CI. Cone axiom, pnc = pCn = Ic and ppc — pCp. 



C2. Pushout axiom. For any pair of morphisms A 
cofibration, there exists the pushout square 



B 



/, 



X , where i is a 



B 



f 



X 



A- 



P{hf} 



f 

and i is also a cofibration. The cone functor carries this pushout diagram 

(called cofibrated pushout) into a pushout diagram, that is C'{P{i, /}) = 

P{Ci,Cf}. 
C3. Cofibration axiom. For each object X the morphisms Ix and kx o,re 

cofibrations. The composition of two cofibrations is a cofibration. Moreover, 

there is a retraction for the cone of each cofibration. This last property is 

called nullhomotopy extension property (NEP). 
C4. Relative cone axiom. Given a cofibration i : B ^^ A, the morphism 

ii — {Ci, k} : E* = P{k, i} ^^ CA is also a cofibration. The object S* is 

called relative cone of i. 

Note that isomorphisms and cones of cofibrations are also cofibrations. 
Given a cofibration i, for each non- negative integer n one defines in ~ {in-i)i, 
with i() = i. 

Theorem 2.2. Given the commutative cubical diagram 

X ' 

f 




where the top and bottom faces are pushouts and a, /3,"/ are cofibrations. If {g' , P} : 
P{7, g} — > Z' or {/', a} : P{7, /} — !> Y' is a cofibration then so is a U (3. 

Definition 2.3. A morphism f : X ^f Y is said to be nullhomotopic (f ~ Oj if 
there exists an extension F : CX -^ Y of the morphism f relative to the cofibration 
Kx- F is called a nullhomotopy for f (i^ : / ~ 0). 

An object X is said to be contractible (X ~ 0) when Ix — 0. 
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So a morphism is nullhomotopic if and only if it may be factored through a 
contractible object. Hence the nuUhomotopy extension property can be also stated 
in terms of nuUhomotopy: 

Theorem 2.4 (NEP). Given a morphism z : B — > A, the following sentences are 
equivalent: 

a) The morphism i verifies NEP. 

b) Every nullhomotopic morphism f : B ^f X has a nullhomotopic extension 
rel. i. 

c) Every nullhomotopic morphism f : B ^ X has an extension rel. i. 

d) The inclusion k : B ^f CB has an extension rel. i. 

Definition 2.5. A cofibration i : B ^^ A is said to be contractible when B and 
A are contractible objects. These cofibrations will be the contractible objects in the 
category of pairs. 

Observe that pushout objects of two contractible cofibrations are contractible 
objects. Hence if i is contractible then i„ and E*"-i so are, for each natural number 
n. 

Definition 2.6. Given a cofibration i : B ^^ CA and two morphisms /o, /i : CA -^ 
X , /o is said to be homotopic to /i relative to the cofibration i (fo ~ /i rel. i) 
if there exists an extension F : C^A -^ X of the morphism {fopCi, fi} relative 
to the cofibration ii. F is called homotopy from /o to f\ relative to i, in symbols 
F ■ fo- fi rel. i. 

Remark 2.7. The homotopy relation relative to a cofibration i is an equivalence 
relation compatible with the composition of morphisms in the following sense: 

- IfF-.foc^f, rel. i then fF : //o - ffi rel. i. 

- Given a commutative square (C f)i = jg, if F : fo ^ fi rel. j then FC^f : 
faCf ~ fiCf rel. i. If the commutative square is a pushout then /q ~ /i 
rel. j if and only if faCf ~ fiCf rel. i. 

The quotient set Hom{CA,XY'^^'^ /~ will be denoted by [CA,X]"(^), where u = 

foi = fit- 

The following property is fundamental to obtain to obtain equalities among 
morphisms save homotopy. 

Theorem 2.8. If X or i is contractible then /o ~ /i rel. i if and only if foi ~ f\i. 

Definition 2.9. A C-category is said to be pointed if every object X is cofibrant 
(that is, the initial morphism $x '. % ^f X is a cofibration) and C0 — 9. In pointed 
categories the initial object is denoted by * and it is called point. 

If X and Y are objects of a pointed C-category, then X \/ Y will denote the 
pushout object P{*x,*y}- Note that C{X V F) = CX V CY. If X ~ and 
y ~ then XVFciiO. li i : B ^ A and i' : B' ^ A' are cofibrations then 

i\J i' : B y B' ^ Ay A' so \s. 

Remark 2.10. [CA V CA',^]^"'"'"*^*') = [CA,X]"W x [CA',X]"'(*') 
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3. Generalized Homotopy Groups 

In this section the homotopy groupoid relative to a cofibration i : B >—> CA of 
an object X, Hi(X), is buih in order to define the first homotopy group, 7r5^(X, /i), 
relative to a cofibration i based on a morphism h : CA -^ X . Then higher homo- 
topy groups are defined as first homotopy groups relative to iterated cofibrations: 
<(X,/i) = 7ri"-^(X,V"'i). 

Finally, main properties about the functorial character of these groups, and their 
relation with coproducts and contractible objects or cofibrations are studied. 

The following commutative square is fundamental to obtain the groupoid Hi(X): 

„. p(Ci)ui 

E* -— ^P{i,i} 



C'A ^CP{i,t} 

jjL is an extension of the morphism Kp{Ci) U k relative to the cofibration ii. 

Given /o,/i e Hom{CA,X), ifj(/o,/i) wih denote the homotopy bracket [C^A,X]^f°P'^'^M'^'^^ 
If F, G e HomiC^A, X)^f'>P^''M^'^\ then F and F * G will denote the morphisms 
{F, fap}iJi and {F, G}p, respectively. 

Lemma 3.1. p* : [F{Gi, Gi},X]'f/«-''i>(«) -^ H,{h,fi) is a bijection. 

Proof. (/.*)'! : i/,(/o,/i) ^ [F{Gz,Gz},X]{/-/i>(«) is defined by {fi*)~\[F]) = 
[{foP,F}]. 

- II* is well defined. If F : Fg ~ Fi rel. k then Fv : Fofi ~ Fifi rel. ii, where 
v is an extension of the morphism {(GK)/xp(Gii), K/i} relative to 12. 

- (a**)^^ is well defined. If F : Fq ~ Fi rel. ii, then {/op^,F} : {/op, Fq} ~ 
{/o/9,Fi} reL k. 

- (a**)-V* = 1- {FCp,{Fp,Gp}Cti} : {F,G} ~ {/op, {F, G}/i} rel. k. 

- p*{p*)-' = 1. {fop\Fp}Cp : F ^ {fop,F}p rel ii. 

a 

Theorem 3.2. Hi(X) is a groupoid, with objects Hom(CA,X); morphisms from 
/o to fij Hi{fQ, fi); identities If = [fp]; inverse morphisms [F]^'^ = [F]; and 
composite morphisms [F] . [G] — [F * G]. 

Proof Remark 1: Ii F : Fq ~ Fi rel. ii and G : Go ~ Gi rel. ii then {F,G} : 
{Fo,Go}~{Fi,Gi}rel. k. 

- Inverse morphisms are well defined: If [Fq] = [Fi] G ^i(/oi/i)j by Remark 
1 {Fo,/op} ~ {Fi,/op} rel. n. By LemmaO[^] = {F\] in 7?.(/i,/o). 

- Composite morphisms are well defined: If [Fq] = [Fi] G iJi(/o,/i) then 
\Fo[ = [T\]. Moreover, if [Go] = [Gi] e Hiif^J^), by i?emarA; ^ {T^, Go} ~ 
{Fi, Gi} rel k. By LemmaO [Fo * Go] = [Fi * Gi] £ iJ,(/o, /s). 

Remark 2: By lemma [5TT] and the definition of inverse morphism, [f p]^^ = [f p] 
for every / : CA — ;■ X. 

- Left homotopy identity property: If [F] G Hi{fo, fi), by Remarks 1, 2 and 
Lemma Ol/o/o * F] = [F]. 

- Right homotopy identity property: If [F] G Hi{fo, /i), then {{Fp, fop^}Cp, FCp} : 
{fop, F} ~ {{F, /o/9}/z, fip} rel. k. By Lemma O [F] = [F * /ip]. 
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Remark 3: \F] = [F], for every [F] e i/i(/o, /i), since F^ F* fip. 

- Right homotopy inverse property: If [F] G Fli^fo, fi), then {FCp, FCp} : 
{F,F} c± {fop, fop} rel. k. By Remark 2 and Lemma [31] [F * F] = [/op]. 

- Left homotopy inverse property: Since the composition of morphisms is weh 
defined, by Remark 3 and the right homotopy inverse property [F * i^] = 

wm - [hp\- 

Remark ^_^If [F] G fl"i(/o,/i) and [G] G iJ»(/i,/2) then {{Fp,Gp}C^l, FCp} : 
{G,F} ~ {{F ,G}pJop} Ye\. k. By Remarks 1, 5and Lemma[33][G*i^] = [F*G]. 

Rem_ark 5: If [F] £ H^ifoJj), [G] £ -ff.(/i,/2) and [if] G H,{h,h) then 
{{iI/9,i^p}CAi,{iip,Gp}C^} : {F,G} =i {{il^lM, {ii, GJAi} rel k. By Remarks 
1, 3, 4 and Lemma O [-F * G] = [(F * H) * (H * G)]. 

- Homotopy associative property: If [F] G iii(/o,/i) , [G] G Hi{fi, f2) and 
[if] G Hi(fi, fs), by the left homotopy identity property and Remark 5 
H = [fop *H] = [(/op =(= G) * (G * ii)] = [G * (G * ii)]. So [(F * G) * H] = 
[(F * G) * (G * (G * ii))] = [F * (G * ii)] since the composition of morphisms 
is well defined and by Remark 5. 

D 

Definition 3.3. The n-th homotopy group relative to a cofibration i : B ^^ GA of 
an object X based on a morphism h : GA -^ X is 

<(X,/i) ==ii,„_,(V"-\ V""^), rieN 
Given a cofibration i : B ^^ A and a morphism h : CA -^ X , since t:\^{X^ h) = 
'K]^_g{X,hp'^) the (n+l)-th homotopy group relative to a cofibration i : B >—> A of 
an object X based on a morphism h : GA -^ X is 

K^,{X,h)^nl^{X,h) 

Observe that <(X, h) = [G"A,X]''''"*"('"). 

By Theorem 12.81 if ^ or j are contractible then 7r^(X, h) — {0} for all n. 
The compatibility of the homotopy relation with the composition of morphisms 
f Remark 12. 7p gives functorial character to the homotopy groups: 

Proposition 3.4. If f : X -^ Y is a morphism then /, : TTn{X, h) -^ tt^C^, fh) is 
a homomorphism of groups. 

Proof It is clearly seen that /,([F].[G]) = /,([F * G]) = [(/F) * (/G)]. 

D 

Proposition 3.5. If fi = gj is a is a commutative square relating cofibrations i 
and j then {G^^ f)* : 7r^(X, ft,) — >■ t:1^{X , h{G f)) is a homomorphism of groups. 

Proof (G"/)*([F].[G]) = (G"/)*([F * G]) = [(F * G)G^f] = [{FG^f) * (GG^f)] 
since Aij„(C"/)«n = (C"/ U G"f)^i,J„, and by Theorem [U/ij„(G"/) ~ (G"/ U 
C"/)/"»^ rel. in- 

a 

Corollary 3.6. If fi ~ gj is a pushout diagram then {G'^ f)* is an isomorphism 
of groups. 

In pointed categories with a natural cone, the relation between coproducts and 
products in homotopy groups is a consequence of Remark 12.101 
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Proposition 3.7. <^'''(X, {h, h'}) = <(X, h) V < (X, h'). 

Proof. Observe that P{n,i V i'} — P{k W K,i\/ i'} = P{K,i} V P{K,i'}, where 
iV i' ^ iyi' and K = kV k ~ kVk. Hence {i\/i')n — i„ViJj, and so that fii^\/fj,ii is an 
extension of the type Ai(,v»')„- Therefore [{F,F'}].[{G,G'}] ^ [{F, F'} *\g,G'}] ^ 
[{F*G,F'*G'}]. 

a 

Classical homotopy groups in pointed categories with a natural cone are gener- 
alized homotopy groups in the following sense: 
7r,f (X) = KHX,0) and <(X) = <(X,0). 
In pointed categories tt*-* {X, h) wiU be also denoted by 7r,;^(^, h). 

4. Generalized Exact Homotopy Sequences 

In |D-j a pair {X,Y) is defined as a cofibration f -.Y ^^ X. A morphism from 
{X, Y) to {X' , Y') is a pair of morphisms ((7, h) such that gf — f'h. Cofibrations of 
pairs are the morphisms {u,v) : {X,Y) — )• {X',Y') with v and {f',u} : P{v,f} — J> 
X' cofibrations. In this way the category of pairs cof C of a category with a 
natural cone C is also a C-category. Therefore, concepts and results obtained in 
the previous section are also available in cof C. 

On the other hand, homotopy groupoids of cof C are related with respective 
ones of C in the following sense: 

a) If (/o,ffo) - (/i,ffi) rel. (u,w) then /o ~ /i rel. u and go ~ 51 rel. v. 

b) [(Fo,Go)].[(Fi,Gi)] = [iFo,Go) * (Fi,Gi)] = [(Fq * Fi,Go * Gi)]. 

In this way every generalized homotopy group in C can be also seen as a gener- 
alized homotopy group in cof C: 

Proposition 4.1. There is an isomorphism of groups 

0„ : K^^,{X,h) ^ nl:\:p{{X,Y), {fhp,h)) 

for all pair {X,Y). 

Proof If [(F,G)] 6 7Tl:\:l\{X,Y),{fhp,h)) then (i^, G)(z„+2, l„+2) = (i^*„+2,G) 
= i{fhp"+^Gin+i, fhp^j^hp""), so G = Zip"- Therefore F ^ [{F^hp"-)] is an iso- 
morphism of groups. 

D 

Definition 4.2. The (n+2)-th homotopy group relative to the cofibration i : B ^^ A 
of the pair {X, Y) based on the morphism h : GA -^ Y is 

<+2((x,y),;^) = 4^1*) ((x,y), {fhp,h)), [n e N) 

Observe that (Gi, i) : {GB, B) y-^ {GA, A) is a cofibration since {Gi, k} = ii- 
Next the exact homotopy sequence relative to a cofibration i : B >^ A associated 
to a pair {X, Y) based on a morphism h : GA — > F is given: 

Theorem 4.3. The following sequence of groups is exact: 

^ T^siY, h) h ni^iX, fh) ^ 4((X, Y),h) % 4(y, h) h 4(X, fh) 



where /, is the homomorphism of groups used in Proposition \3.4\ jn = (1, l)*^n7 
with On the isomorphism of groups given in Proposition \4- 1\ and (1, 1)* is defined us- 
ing the vrovosition 1 3. 5\ and the commutative square (1, l){Gi,i) ~ (ii, l)(i,i), where 
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i is the induced cofibration in the relative cone S*; (5„ is defined by (5„([(F, G)]) = 

[G]. 

Proof. Clearly /, , jVi and dn are homoniorphisms of groups by their definition. 

- SnJniiF]) ^ Sni[iF,hp")]) = [hp"]. 

- fJn{[iF,G)]) = U[G]) = [/G] = [fhp^] since HC^+^n : fhp^ ~ fG 
rel. in+i, where H is an extension of the morphism {fhp'^~^'^{G^i)n+i,F} 
relative to the cofibration (Gi)„+2- 

- JnM[F])=jni[fF]) = [ifF^hp^] = [{fhp"+\hp-)] Since: 

Ifnisoddthen(iJG'^K,F) : {fhp"'+\hp'') ~ (/F, /ip") rel. {Ci,i)n+i, 
where H is an extension of the morphism {fhp^'^^C^'^'^i, fFC^!~ p, 
fFC'^pJFC^p,...JFpJFC^+'pJFG^p,...JFG^p} relative to 

the cofibration (Ci n+a ) .1+3 . 
22 

Ifn is even then (i?CT^K,F) : {fF,hp'') ~ (//ip"+i, /ip") reL {Gi,i)n+i, 

where H is an extension of the morphism {fhp^''^^C'^~^*i, fFC^^ p, 

fFC^p, fFG'^p, ..., fFCp, fFC^+^p, fFG^p, ..., /FG^p, fhp^+^} 

relative to the cofibration (Gi n+2 ) n+4 . 

- If,5([(F,G)]) = [G] = [V"] then there is i/ : V" =i Grel. 4+1. j„([KGk]) = 
[(i^GK, V")] = [(^,G)] since iK,H) : {KGK,hp'^) ~ (F,G) rel (Gi,i)„+i, 
where iiT is an extension of the morphism {fhp'^~^^G"^^i, 
fH, fhp"+^, ..., fhp"+^, F} relative to the cofibration (Gi„+i)i. 

- If /*([F]) = [fF] = [fhp"] then there is G : //ip" ~ /F rel. i„+i. Let 
H be an extension of the morphism {fhp^~^'^C"'~^^i, G, fhp'^^^, ..., fhp^^^^} 
relative to the cofibration Cin+2, then (5([(_ffK,F)]) = [F]. 

- If J„([F]) = [(F, V")] = [ifhp-+\hpn]: 

When n is even, taking {H, G) : (F, /ip") - {fhp''+\hp'') rel. (Ci, i)„+i, 
(i/iG"+3Ac)*„+3 - {fhp^+^C^+^i^,fG,fhp^+\...,fhp^+\F}, where iJi 
is an extension of the morphism {fhp"'^^C"^^i, Fp, H, fhp"^^, ..., 
fhp"+^,FG"p,FC"+^p} relative to the cofibration (Gi)„+3. 

(ir2G"+2«:)j„+3 = {fhp"+^C^+H2jGJhp"+\...Jhp^+\FJhp^^+^}, 
where i?2 is an extension of the morphism {//ip"+^G"+'^ii,Fp, iJi, 
//l/^"+^ ...,/V+^FG"p,FG"-V} relative to the cofibration (Gn)„+2. 

(if3C"+iAt)i„+3 = {/V"+'<:^"«3,/G,/V"+\...,//ip"+i,F}, where i?3 
is an extension of the morphism {//ip"+'^G"^^i2,Fp, 7J2, /^/o"^^, •■•, 
fhp"+^,FG"-^p,FG"-^p} relative to the cofibration (Gi2)„+i. 

{H^C^ti)i^+3 = {/V"+2G"-iz4, fG, fhp^+\ ..., fhp^+\F, fhp^+^}, whe- 
re H4 is an extension of the morphism {fhp'^~^^C^^^i3,Fp,H^,fhp"^^, 
...,fhp"+^,FG"-^p,FG"-^p} relative to the cofibration (Gi3)„. 

This process can be iterated to obtain a homotopy Hn+iC^n : fG ~ F 
rel. in+2- 

When n is odd, the same process for a homotopy [H, G) : {fhp"-^^,hp") 
~ {F,hp^) rel. {Ci,i)n+i gives Hn+iC^K : fG c^ F rel. i„+2. 

D 



In pointed categories with a natural cone jD-j classical exact homotopy sequences 
associated to a pair are obtained as generalized exact homotopy sequences taking 
the morphism /i = 0. 
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5. Spherical Homotopy Groups 

Every category with a natural cylinder and product is a category with a natural 
cone and the same cofibrations |D-| . Therefore the category of topological spaces 
with the topological cone has a structure of natural cone. This topological cone 
is obtained as the pushout of the inclusion in the base of the cylinder with the 
projection on a point. In this way the cone of the empty topological space is a 
point. So the category of pointed topological spaces is a category under the cone 
of an object, that obtains homotopy groups using spheres. 

The development described above can be generalized for any category with a 
natural cone: 

The cone CV of any object V behave like a point. Fixed an object V, C* is the 
full subcategory of C*-^^ whose objects, {X, x), are cofibrations x : CV ^^ X. 

The cone functor C* : C* — >■ C* is defined by C^,{X,x) ~ (C*X, Cx), where 
C,X = P{p,Cx} and given / : {X,x) -^ {Y,yj, C,f ^ lUCf : P{p,Cx} -^ 
P{p.Cy}. 

Every pointed object {X, x) has associated the trivial pushout diagram of the 
object P{l,x}. However other pushout diagrams can be also associated to the 
object {X,x): Any cofibration pushout diagram with induced cofibration x will be 
considered a pushout diagram associated to {X, x) . 



(n (0 (n (ri-1 

Theorem 5.1. C':^iX,x) = (F{p", C"a;}, C^), where Cx= x andCx^ C Cx is 
obtained by iterated use of the functor C* . 

Proof. It is enough to observe that the following square diagram is a pushout: 



C"+iV- 
\ 

C"X 



CV 



pCp...C" 



Cx 



-^C"X 



Commutativity: 



pCp...C''~^pC''x 



pCp...C" 



(1 
CxC" 

(2 



P 



-pC-p.-.C'-' Cx iC"''p){C"~'p) = ... 

(n (n 

Cip(Cp)....(C"-V)(C""V) =Cip" 



Pushout property: 

Given i^ : CV ^ F and G : C"X -^ Y with i^p" = GC"a;, then 
Fp^-^C"~^p = GC^i(Cx), and there is fF>"-i,G} : C^-^CX) -^ Y. 
{Fp"-i,G}C"-2cc'a; ^ {Fp''-\G}C"-^Cx = Fp''-^C"-^p, and there 
is {Fp"-2,Fp"-i,G} : C'^-^C^X ^ Y. This process can be iterated to 
obtain the unique {F, Fp,..., Fp'^-^G} = {F, G} : C^X = P{p", C"a;} -^ 
Y. 



D 
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Natural transformations k* : 1 — > C* and p^, : C^ -^ C* are defined by 
i^*{x,x) = 1 U Kjf : {X,x) = P{l,x} -^ C*{X,x) = P{p,Cx} and p*(x,x) = 
1 U px : Cl {X, x)^P{p^,C'^x}-^C^ {X, x) = P{p,Cx} 

Proposition 5.2. Given f : {X,x) -^ {Y,y), C:^ f = 1 U C"/ : C":{X,x) = 
P{p'\C^x} ^ C:(y,2/) = P{p",C"y}; «*cr(x.) = lU^c-x : C:(X,x) = 

P{p"+2,C"+2x} ^ C:^+^X,x) = P{p"+i,C"+ix}. 

(ri+l (n (n+1 

Proo/. 1 U Kc"X = {Cx,pCp...C'^pkC^}. So that (1 U kc-x) C^= Cx and 

(71 (n (n+1 

= (1 U Kc"x)lcjx = puc^x since (pKc^x) Cx= pC Cx kcv = Cx pcv^cv = 

(n+1 

Cx and (pKc'jA:)pC'p...C"^^p == pCp...C"pKc"X- 

Hence the morphisms 1 U kc-x ■ Cl'{X,x) = P{p",C"x} -^ C,"+i(X,x) = 

(" 
P{p"+i,C"+ix} and 1 U Kcjx : C"(^,2;) == P{l,Cx} — > C:^+'^{X,x) = 

_(n_ 

P{p, C Cx} agree. 

The other equahties are trivial by definition. 

D 

A niorphism i : (P, b) — >■ {A, a) is called a pointed cofibration when i : P ^^ A is 
a cofibration in C. 

Theorem 5.3. C*, with the cone C*, natural transformations k^, p* and the 
pointed cofibrations, is a pointed category with a natural cone. 

Proof. Observe that (CV, 1) is an initial object with initial morphisms, x : {C\7, 1) ^-> 
{X,x), pointed cofibrations; so every object is cofibrant. Clearly C*(CV,1) = 
(P{p,l}J) = (CV,l). 

Cone axiom: It is a simple verification. 

Pushout axiom: Given a pointed cofibration i : {B,b) >-^ {A, a) and a 
niorphism / : (P, b) -^ (X, x), then P{/, i} = (P{/, «}, xUa) with induced 
morphisms / : {A, a) — > (P{/, i},xUa) and i : {X,x) — > (P{/, i}, x U a), 
where xUa : CV — P{1, 1} =— * P{/, «} is a cofibration by Theorem [221 since 
{a,i} = i : P{1,6} = P ^ A. Note that i = lUi: P{l,x} ^ P{l,xUa} 
is a cofibration. 

P{C*/,C*i} == P{1U_C/,1 UCi}^ P{p U p, Cx U Ca} = C*P{/,i}, 
with induced morphisms C^f — 1 U C/ and C*i = 1 U Ci. 
Cofibration axiom: Clearly \(x.x) s-nd the composition of pointed cofibra- 
tions are pointed cofibrations. K(x,x) = 1 U kx is a cofibration by Theorem 
12.21 since xi so is. Given a pointed cofibration i : (P,&) ^^ (^,a), by NEP 
in C there is r : CA ^ CP such that r{Ci) = 1. Then 1 U r : C,(A, a) = 
P{p, Ca} —7' C^{B, b) = P{p, Cb} is a retraction for C*i. 
Relative cone axiom. Given a pointed cofibration i : {B,b) v-> (A, a), 
{C*i,K*} : P{K*,i} ^^ Cr{A,a) will be denoted by ii, : (E^,C6Ua) ^■ 

C4Aa)- 

S* = P{1Uk, lUi} = P{pUl,C6Ua} with induced morphisms 7«;7 = IUk 

and i — 1 U i, where i is the induced cofibration by i in the pushout of 
P{k,i}. 
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(1 Un)(l U k) = 1 U K = K, and (1 U ii)(l u7) = 1 U Ci = C,i. So 
ii* = 1 U ii, that is a cofibration by Theorem 12.21 since {ii,Ca} = ii : 
P{C&Ua, 1} = S» >-^CA. 

D 



The concepts developed in pointed categories with a natural cone |D-j are also 
available in C* . They can be related with the respective ones of the original category 
C. 

Proposition 5.4. Given f : {X,x) -> (Y,y), / ~ m C* if and only if f c^ in 
C. 

Proof. If _F : / ~ in C* then F]) : / ~ in C, where p is the induced morphism 
in the pushout of C*X. 

If F : / ~ in C then {FCxCp,F} : {ypj} ~ 0, and by NEP there is an 
extension H of the morphism {yp, /} relative to the cofibration xi. {y, H} : / ~ 
in C*. 

D 



Corollary 5.5. {X,x) ~ i/ and only if X ~{). 

Next pointed homotopy groups in C* will be stated as generalized homotopy 
groups of C. A study about pushout diagrams associated to pointed objects is 
necessary for it. 

Proposition 5.6. If P{s, j} is a pushout diagram, associated to {X, x) then C"(X, x) 
P{p^'C"s,C"'j}. 

Proof. It is enough to observe the following composition of pushouts: 

C"s P" 
C'S C"+iV CV 



C"s pCp...C"-^p 
C"T C"X ^"X 



D 



Corollary 5.7. Given g = lU f : {X,x) ^ P{s,j} -^ {X',x') = P{s',j'}: 

a) C:g = lUC"/ : C:{X,x) = P{p"C"s,C"j} ^ C:{X',x') = P{p"C"s', C"/}. 

b) «*cr(x,x) = lU KC"T : Cl'{X,x) = P{p"C"s,C"i} -> C:+HX,x) = 
P{p"+iC"+is,C"+ij}. 

c) P*CHX,cc) = lUpc-T : C,"+2(X,x) - P{p"+^C"+^s,C"+\n ^ C^'+H^, a;) = 
P{p"+iC"+is,C"+ij}. 

(" _ 

Proo/. (a) lUC"/ = {Ca;',pCp...C"-ipC"s'C"/}. So that: 
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(n (n 

(1 U C"/) Ci = CV, and 

(lUC"/)(pCp...C"-ip) = {Cx'p",pCp...C"-ipC"s'C"/} = 

= {pCp...C"-ipC"a;',pCp...C"-ipC"7C"/} = 

= pCp...C"^ip{C"a;',C"7C"/} = 

== pCp...C"-ip(l U C"/) = 

= (pCp...C"-ip)C"g 

(n+l 

(b) 1 U KC"T = { Cx ^-pC-p.-.C^-pC^+^lKc^T]- So that: 

(n (n+1 

(1 U kc"t) Cx — Cx , and 

(«+i 
(1 U KC"T)(pCp...C"-ip) = { Cx p^,pCp...C''75C''+'si^c'^T} = 

(n+l 

= {Cx p''+'Kc'^^,pCp...C''pC'^+'sKc^T} ^ 

= ]5C]5...C"p{C"+^xKcr.+i^,C"+^sKc^T} - 

= pCp...C"p(Kc'"+iv U kc"t) = 

= (pCp...C"p)«C"X 

(k+1 

(c) 1 U pc-T = { Cx ,pCp...C"pC"+ispc"T}. So that: 

(n+2 (n+1 

(1 U pc"t) Cx ~ Cx , and 

(w+l 

= pCp...C"p(pc"+iv U pc-t) = 
= (pCp...C"p)pc"X 

D 

Definition 5.8. A pointed cofibration u : (B, b) ^^ (A, a) is said to have associated 
a pushout cofibration when u = lU i : (B, b) — P{s,j} ^^ {A, a) — P{s,j'}, where 
i : T >-^ T' is a cofibration verifying j' — ij. 

Observe that every pointed cofibration i : (B,b) ^^ {A, a) has an associated 
pushout cofibration lUi : {B,b) ^ P{l,b} ^ {A,a) = P{l,a}. 

On the other hand, every object X can be considered as an iterated pushout 
diagram: X ^ P{lx,lx} = -P{1^, Ix} = ^{1^,1x1 = ... = P{l^,lx}, where 
Ix ~ Ix and V^ — Ix '■ X ^^ P{V^^, Ix}- In this way it is possible to define 
curly braces or unions with domain the object X. 

Theorem 5.9. Given a pushout cofibration lUi : {B,b) = P{s,j} ^^ {A, a) = 
P{s,j'} associated to a pointed cofibration u, the following square diagram is a 
pushout: 
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l](ls)„ ^ C'n+lS' ^ CV 

V {„ + l (n (n V 

C"+^j U C"j'U A?.+}. UC"i' Cb UCaU !-."+}. U Ca 

s'" s^* 

pCp...C"pC"+isupCp...C"-ipC"^u A?.+}. upCp...C"-^pC"-s 

{new andC-^pC°s = s) 

such that u„+i, = lUin+i : S^"* = P{p"+^C"+h,C''+^j U C'fU .{?.+}. 
UC"j'} -^ C:'+H^,a) = P{p"+iC"+is,C"+i/}. 

Proof. Commutativity: It is enough to observe that p"+^C"+^sUp"C"sU .v}.f.}. 

Up"C"s = p"+iC"+is : I](i^)" = C'+iS" ^ P{lJ^v. lev} = CV. 
Pushout property: Given F = {F, ...,F} : CV = Pjl^V'lcv} ^ X 
and {G„+i,...,Go} : S*" -> X such that Fp"+iC"+is = {Fp"+iC"+is, 
Fp-^C^s, .{"+}., Fp'^C's} = {G„+iC"+ij, G„C"j', ..., GoG"j'}. Then G„+iG"+\7 
Fp"+iG"+is and G,G"j' = Fp'^C'^s, < i < n. By Proposition [H] there 
are {F,G„+i} : G^'+^B ^ X and {F,Gi} : G,"v4 -^ X. By Corollary O 
G^K* = IUG'k and G"u = lUG"i, therefore the existence of the morphism 
{Gn+i, ..., Go} allows to define the unique morphism {{F, G„+i}, ..., {F, Go}} = 
{F,G„+i,...,Go} : S^* = P{p"+iG"+is,G"+ij UG"j'U .(?.+}. UG"j'} ^ 
X. 
un+i* = {G:'+i(lUi),G>„...,K4 = 

= {lUG"+ii,lUG"K, ...,1Uk} = 

(n+l (ri+l 

= {{ Ga , pGp...G"pG"+isG"+ii}, { Ga , pGp...G"pG"+isG"K}, 

(n+l 

....,{ Ca .-pC-p.-C'-pC^+^-SK]] « 

(n+l 

« { Ca ,pGp...G"pG"+is{G"+ii,G"K,...,K}} = 

(n+l 

— /-i — /^n — /^nA-1 — T -1 I I ■ 

1+1 

D 



{ Ca ,pGp...G"pG"+isi„+i} = 1 U ^„^ 



Based objects are necessary to obtain pointed homotopy groups. Given a pushout 
associated to a pointed object (A, a) with pointed base morphism a, then as :T ^>- 
GV verifies asj = s. Conversely, every morphism a : T ^ GV such that aj — s 
gives a pointed base morphism 1 U a : {A, a, a) = P{s,j} -^ GV = P{1,1}. 
(A, a, a) = P{s, j} will denote a base pointed object, where a : T ^ GV. 

Observe that 0-morphism is {x,xa} : {A, a, a) — P{s,j} — ?> {X,x). Moreover a 
pushout cofibration u — lUi : {B,b,l3) — P{s,j} ^^ {A, a, a) — P{s,j'} is based 
if and only if ai = /?. 

Theorem 5.10. Given a based pushout cofibration u = lUi : {B ,b, /3) = P{p{Cs), j} 
C*{A,a,a) = P{p{Cs),Cj'}, then 

[(G*^,G^),(X,:e)](") = [GT',X]"'^« 
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Proof. Given g : CT' — > X, gCj' ~ gij — xj3j — xp{Cs). Hence there is 
{x,g} ^*(^,a) = P{p{Cs),Cj'} -> {X,x). The bijection 9 : [CT',Xf^'^''^ -^ 
[(aA,Ca),(X,x)](") is defined by ^([5]) = [{x,g}]. 

9 is well defined since G : go — 5i rel. i implies that {x,G} : C'^{A,a) — 

P{p'^C'^s,C'^j'} -^ {X,x) verifies {x,G} : {x,go} ^ {x,gi} rel. u. 

Clearly 9 is suprajective. 

9 is injective since if G : {x, go} ~ {x, gi} rel. u then Gp^G'^s : go — gi rel. 

i. 

D 

Corollary 5.11. Given a based pushout cofihrationu = lUi : {B,b,/3) = P{s,j} y—> 
{A, a, a) — P{s,j'}, then 

Proof. 

K.{{X,x)) = [Cr(A«),(^,a;)]("-) = 

Given an extension ^ of the morphism K,p{Gin^i) U k relative to the cofibra- 
tion i„, then nG'^f = (C"j' U C"j')Kp and p"C"s = {p"C"s)Kp. Hence there 

(n-l 

is IUa* : G:'{A,a) = F{p"C"s, C"/} -^ (aF{w„_i„ w„_i4,IZ;r3T7 C^) - 
P{p"C"s, C"j' U G^^j'} verifying 

{lUfi)Un* W (lUAi)(lUi„) == 

= 1 U {np{Cin-i) U k) w 

sa ((lUK)(lUp)(lUCi„_i)) U (IUk) = 

Therefore the bijection above is an isomorphism of groups. 

D 

Corollary 5.12. Given a based pointed object (A, a, a).' 

^t{{X,x))^^l{X,xp{Ca)) 

Corollary 5.13. The pointed exact sequence relative to the based pushout cofibra- 
tion u = lUi of the pointed pair {{X, x), (Y, y)) is isomorphic to the exact sequence 
relative to the cofibration i of the pair {X, Y) based on the morphism xp{Ga) 

The isomorphism of groups given in Corollarv IS . 1 ll let one to extend the definition 
of pointed homotopy groups to pointed objects (X, x) where x be not a cofibration: 

In this way, although C'^^ has not, in general, a natural cone in the sense 
described in this paper, it is possible to obtain homotopy groups of its objects, as 
it occurs with topological spaces and pointed topological spaces. 

Next, taking as example topological spheres, spherical objects are defined. 

Definition 5.14. The 0-sphere of C^^ is 5° = P{kv,kv}. 
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Observe that (5°, k, {1, 1}) is a based pointed object. 
Definition 5.15. The n-sphere of C^^ is 5"" = S:^{S",Ti). [E] 
Remark 5.16. Note that, for n > 2 

7T'^°{{X,x)) = [S'\{X,x)] = {Corollary mM^ 

— tt!^{X, {xp,xp}) = {pushout of definition o/5°) = 

Hence one can to extend the definition of tt^^^ {{X , x)) for n — 1 by: 

7rC{{X,x))^7r^,^{X,x) 

Definition 5.17. 7r„^((X, x)) are denominated Spherical Homotopy Groups of the 
pointed object {X,x). 

Remark 5.18. If C is a pointed category with a natural cone, then ti^^{{X,x)) = 

TI^^^{X,X). 

If C has initial object and C0 ^ 0, then Tt^-^_^^{X , x) = 7r„^((X, a;)) are 
denominated Standard Spherical Homotopy Groups of the pointed object {X,x). 
7rf, {{X,x)) — 7r2(X, x) is also denominated Fundamental Group. 



In the category of topological spaces, the standard spherical homotopy groups 
of a pointed topological space are the classical homotopy groups. 
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